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ABSTRACT 

This  paper p re sen t s  t he  development of a second order  theory  f o r  t r a j e c -  

t o r i e s  i n  t h e  v i c i n i t y  of the  lunar  l i b r a t i o n  po in t  L,. This development i s  

based on a four-body model inc luding  the  sun ,  e a r t h ,  moon, and a s a t e l l i t e ,  

a l l  assumed t o  move i n  the  same plane.  
* 

As a r e s u l t  w e  ob ta in  a system of two simultaneous second o rde r  d i f f e r -  

e n t i a l  equat ions  wi th  t i m e  dependent c o e f f i c i e n t s .  Some s e l e c t e d  s o l u t i o n s  

of i n t e r e s t  are der ived  he re ,  inc luding  a f i r s t  order  pe r iod ic  s o l u t i o n  and a 

second order  quas i -per iodic  so lu t ion .  

p l o t t e d  and computations of t he  v e l o c i t y ,  a c c e l e r a t i o n ,  range,  range r a t e  and 

f l i g h t  pa th  angle  are presented.  

Various t r a j e c t o r i e s  around L, a r e  



TABLE OF CONTENTS 

Page 

L i s t  of Tables ......................................................... iii 

L i s t  of Figures  ........................................................ i v  

Acknowledgement ........................................................ v i  

Table of Symbols ....................................................... v i i  

1 . In t roduc t ion  ....................................................... 1 

2 . Derivat ion of t he  Equations of Motion .............................. 3 

3 . Analy t ica l  Solu t ion  of the  Equations of Motion ..................... 2 2  

3 .1  F i r s t  Order Solu t ion  (E') ..................................... 23 

3 . 2  Second Order Solu t ion  (cl) .................................... 26 

3.3 Complete Second Order Solu t ion  ................................ 30 

3 . 4  Tabulat ions and Graphs of Sample T r a j e c t o r i e s  ................. 31 

References ............................................................. 60 

-ii- 



LIST OF TABLES 

Page Table 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

P e r t u r b a t i v e  Acce lera t ion  of S a t e l l i t e  a t  L , . . . . . . . . . . . . . . . .  13 

P e r t u r b a t i v e  Acce lera t ion  of S a t e l l i t e  Near L, (x = 1 
ki lometer )  .................................................. 14 

P e r t u r b a t i v e  Acce lera t ion  of a S a t e l l i t e  Near & (x = -1 
ki lometer )  .................................................. 15 

P e r t u r b a t i v e  Acce lera t ion  of a S a t e l l i t e  Near $ (x = 0.5 
k i lometers )  ................................................. 16 

P e r t u r b a t i v e  Acce lera t ion  of a S a t e l l i t e  Near L, (x = -0.5 
k i lometers )  ................................................. 1 7  

P e r t u r b a t i v e  Acce lera t ion  of a S a t e l l i t e  Near L, (x = 50 
k i lometers )  ................................................. 18 

P e r t u r b a t i v e  Acce lera t ion  of a S a t e l l i t e  Near L, (x = -50 
k i lometers )  ................................................. 19 

F i r s t  Order Solu t ion  wi th  Per iodic  I n i t i a l  Conditions 
x(0) and y ( 0 )  = 1 . 6  k i lome te r s . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  32 

F i r s t  Order Solu t ion  wi th  Per iodic  I n i t i a l  Conditions 
x(0) and y ( 0 )  = 0.805 k i lome te r s . . . . . .  ...................... 38 

F i r s t  Order Solu t ion  wi th  Per iodic  I n i t i a l  Conditions 
x(0) and y(0) = 0 k i lometers . .  .............................. 45 

Comple te  Second Order Solution w i t h  Quasi-Periodic  I n i t i a l  
Condi t ions x(0) and y ( 0 )  = 0 k i lome te r s . . . . . . . . . . . . . . . . . . . . .  53 



LIST OF FIGURES 

Figure  Page 

1 Coordinate Systems .......................................... 3 

2 ........................................................... 
3 4-Body Conf igura t ion  ........................................ 5 

4 Per tu rba t ive  Acce lera t ion  of S a t e l l i t e  x < 0 .  ............... 20 

5 Pe r tu rba t ive  Acce lera t ion  of S a t e l l i t e  x 2 0 ................ 2 1  

6 Tra j ec to ry  of S a t e l l i t e  Around .. (x(0) and y(0) = 1.6 
k i lometer )  F i r s t  Order So lu t ion  ............................. 34 

7 Velocity of S a t e l l i t e  Versus T i m e  (x(0) and y(0) = 1.6  
kilometer) F i r s t  Order So lu t ion  ............................. 35 

8 Acceleration of S a t e l l i t e  V e r s u s  Time (x(0) and y(0) = 1.6 
kilometer) F i r s t  Order So lu t ion  ............................. 36 

9 Range of S a t e l l i t e  From L2 Versus Time (x(0)  and y(0) = 1.6 
kilometer) F i r s t  Order So lu t ion  ............................. 37 

10 Tra j ec to ry  of S a t e l l i t e  Around .. (x(0) and y(0) = 0.8 
ki lometers )  F i r s t  Order So lu t ion  ............................ 40 

11 Velocity of S a t e l l i t e  Versus T i m e  (x(0)  and y(0)  = 0.8 
k i lometers )  F i r s t  Order So lu t ion  ............................ 41  

1 2  Acceleration of S a t e l l i t e  Ver sus  T ime  (x(0) and y(0) = 0.8 
k i lometers )  F i r s t  Order So lu t ion  ............................ 42 

13 Range of S a t e l l i t e  From L, V e r s u s  T i m e  (x(0)  and y(0) = 0.8 
k i lometers )  F i r s t  Order So lu t ion  ............................ 43 

14 Range Rate of S a t e l l i t e  Versus Time (x(0) and y(0) = 0.8 
k i lometers )  F i r s t  Order So lu t ion  ............................ 44 

15 Tra j ec to ry  of S a t e l l i t e  Around k ( x ( 0 )  and y(0) = 0 
k i lometers )  F i r s t  Order So lu t ion  ............................ 47 

16 Velocity of S a t e l l i t e  Versus T ime  (x(0)  and y(0) = 0 
k i lometers )  F i r s t  Order So lu t ion  ............................ 48 

1 7  Acceleration of S a t e l l i t e  Versus T ime  (x(0) and y(0) = 0 
k i lometers )  F i r s t  Order So lu t ion  ............................ 49 

18 Range of S a t e l l i t e  from Z, Versus Time (x(0) and y(0) = 0 
ki lometers )  F i r s t  Order So lu t ion  ............................ 50 

- i v -  



LIST OF FIGURES (Continued) 

F i  gur e Page 

19 Range Rate of S a t e l l i t e  V e r s u s  T ime  (x(0) and y(0) = 0 
k i lometers )  F i r s t  Order Solut ion ............................ 51  

20 F l i g h t  Pa th  Angle Versus Time (x(0) and y(0) = 0 
k i lometers )  F i r s t  Order Solut ion. . .  ......................... 52 

2 1  T ra j ec to ry  of S a t e l l i t e  Around L, (x(0) and y(0) = 0 
k i lome te r s )  Complete Second Order Solu t ion .  ................. 55 

22 Veloc i ty  of S a t e l l i t e  Versus Time (x(0)  and y(0) = 0 
k i lometers )  Complete Second Order So lu t ion . . . .  .............. 56 

23 Accelera t ion  of S a t e l l i t e  Versus Time ( x ( 0 )  and y(0) = 0 
k i lometers )  Complete Second Order So lu t ion . . . . . . . . . . . . . . . . . .  57 

24 Range of S a t e l l i t e  from L, Versus Time (x(0) and y(0)  = 0 
k i lometers )  Complete Second Order Solu t ion . .  ................ 58 

25 Tra j ec to ry  of S a t e l l i t e  Around L, (x(0) and y(0) = 0.8 
k i lometers )  Numerical I n t e g r a t i o n  ........................... 59 

-V- 



ACKNOWLEDGEMENT 

The following ind iv idua l s  have been most h e l p f u l  t o  m e  i n  prepara t ion  

of t h i s  r e p o r t .  I owe them my g r a t i t u d e .  They are: R.  T.  Groves and 

E .  J .  L e f f e r t s  of t he  Goddard Space F l i g h t  Center ;  and J. H. Davis, 

H. S. Gohrband, C. K.  Lambert, D. P .  Muhonen, J. A .  Shumaker and 

N .  A .  Snow of Bendix F i e l d  Engineering Corporat ion.  

-v i  - 



TABLE OF SYMBOLS 

I .  

E 

M 

S 

P 

% 
% 
MS 

pE 

%l 

% 
w 

ct, 

K 

- 
PE 

ES 

MP 

MS 

PS 

r 

r 

r 

- 

- 

ii 
i r 

0 

t 

e a r t h  

moon 

sun 

s a t e  1 l i t e  

mass of e a r t h  

mass of moon 

mass of sun 

g r a v i t a t i o n a l  p o t e n t i a l  of e a r t h  

g r a v i t a t i o n a l  p o t e n t i a l  of moon 

g r a v i t a t i o n a l  p o t e n t i a l  of sun 

angular  v e l o c i t y  of earth-moon system 

angular  v e l o c i t y  of s u n  w . r . t .  i n e r t i a l  system 

g r a v i t a t i o n a l  cons t an t  

p o s i t i o n  vec tor  of moon w . r . t .  e a r t h  

p o s i t i o n  vec tor  of s a t e l l i t e  w . r . t .  e a r t h  

p o s i t i o n  vec to r  of sun w . r . t .  e a r t h  

p o s i t i o n  vec tor  of s a t e l l i t e  w . r . t .  moon 

p o s i t i o n  vec tor  of sun w . r . t .  moon 

p o s i t i o n  vec tor  of sun w . r . t .  s a t e l l i t e  

p o s i t i o n  vec to r  of w . r . t .  e a r t h  

d i s t ance  between moon and L, d iv ided  by r 

u n i t  of t i m e  (days) 

EM 

- v i i  - 



1. INTRODUCTION 

The genera l  t h r e e  body problem i s  known t o  admit on ly  one s o l u t i o n ,  t he  

one found by Lagrange. This s o l u t i o n  is  s a t i s f i e d  a t  t he  f i v e  l i b r a t i o n  poin ts  

of t he  earth-moon system. The l i b r a t i o n  po in t ,  L,, l oca t ed  a t  the  f a r  s i d e  of 

the  moon i s  of s p e c i a l  i n t e r e s t  t o  s c i e n t i s t s  l a t e l y  because i t  could provide 

an "anchor" f o r  a communications s a t e l l i t e  behind the  moon. 

However, t he  th ree  body model y i e lds  only a rough f i r s t  o rder  approxima- 

t i o n  t o  t h e  motion of a s a t e l l i t e  i n  the v i c i n i t y  of L,. Even t h i s  s o l u t i o n  

demonstrates t h a t  4 i s  an uns tab le  "anchor" o r ,  i n  o t h e r  words, a s a t e l l i t e  

w i l l  not  s t a y  i n  o r b i t  around L, unless forced  t o  by an onboard v a r i a b l e  

t h r u s t  engine.  

It  i s  p r e c i s e l y  f o r  t h i s  reason  t h a t  w e  are i n t e r e s t e d  i n  f ind ing  out  an 

improved approximation t o  t h e  motion about $. 
not  appea r  i n  t h i s  earth-moon model include t h e  g r a v i t a t i o n a l  f i e l d  of the 

sun, t he  obla teness  of t h e  e a r t h ,  the e c c e n t r i c i t y  of t he  moon's o r b i t ,  and 

the  i n c l i n a t i o n  of t h e  moon's o r b i t  t o  the e a r t h ' s  e q u a t o r i a l  plane.  

f a c t o r s  t h a t  are a l s o  excluded are the  pressure  of s o l a r  r a d i a t i o n  and meteo- 

r o i d  d is turbances .  Of a l l  of these  ex te rna l  p e r t u r b a t i v e  f o r c e s ,  the g r a v i t a -  

t i o n a l  f i e l d  of t he  sun i s  the  most important.  

The r e l e v a n t  f a c t o r s  t h a t  do 

Two o the r  

I n  t h i s  a n a l y s i s  w e  w i l l  consider  f i r s t  and second o rde r  e f f e c t s  of t h e  

sun on the motion of a body around L,; t h e s e  e f f e c t s  i n t roduce  a non-homogeneous 

fo rc ing  func t ion .  We c o n s t r u c t  a four  body model c o n s i s t i n g  of t h e  sun,  e a r t h ,  

moon and a s a t e l l i t e  s t a t i o n e d  i n i t i a l l y  a t  & o r  i t s  i m e ' d i a t e  v i c i n i t y .  

sun and t h e  moon a r e  assumed t o  move in  c i r c u l a r  coplanar  o r b i t s  w i th  r e spec t ive  

cons t an t  angular  v e l o c i t i e s  qj and w. By assuming w t o  be c o n s t a n t ,  w e  c l e a r l y  

n e g l e c t  t h e  e c c e n t r i c i t y  of the  moon's o r b i t .  An express ion  f o r  a genera l ized  

a c c e l e r a t i o n ,  i nc lud ing  s o l a r  pe r tu rba t ion ,  i s  then developed. I t s  components 

are t h e  f o r c e  func t ions  of the  equations of motion. 

The 

The complete s o l u t i o n  i s  given i n  terms of f i r s t  and second order  so lu -  

t i o n s  der ived  by t h e  method of regular  pe r tu rba t ions .  
coiidit iona are chose= fn sr;& a say as tc! o_lim_ini+_e the dn-inanfi imstah le  

c o n t r i b u t i o n .  This  e f f e c t  can be implemented i n  p r a c t i c e  during the  i n j e c t i o n  

of t h e  s a t e l l i t e  i n t o  i t s  o r b i t  around &. 

Furthermore,  t h e  i n i t i a l  

One has  t o  s p e c i f y  an i n j e c t i o n  

-1- 



l o c a t i o n  and then the i n j e c t i o n  v e l o c i t y .  Although the  second order  s o l u t i o n  

i s  unbounded i n  t ime,  i t s  ra te  of growth i s  small  and can be co r rec t ed  by an 

onboard engine.  Various computations such as v e l o c i t y ,  a c c e l e r a t i o n ,  pe r tu r -  

b a t i v e  acce le ra t ion ,  range,  range r a t e ,  e t c . ,  a r e  presented here  a s  r e l a t e d  

t o  the t r a j e c t o r y .  These computations,  which inc lude  the  e f f e c t  of s o l a r  

pe r tu rba t ion  on the  motion, g ive  s u f f i c i e n t  in format ion  t o  design a mechanical 

c o r r e c t i o n  f o r  t he  uns tab le  e f f e c t  of the motion. 

It should be noted t h a t  a f i r s t  order  a n a l y s i s  w i t h  s o l a r  pe r tu rba t ion  has  

been done before f o r  a s a t e l l i t e  near  the c o l l i n e a r  l i b r a t i o n  p o i n t s ,  b u t ,  a s  

our paper w i l l  show, second order  e f f e c t s  i n  s o l a r  pe r tu rba t ion  a r e  of g r e a t  

importance s ince  & i s  an uns t ab le  po in t .  Thus, t hese  e f f e c t s  must be included 

t o  g ive  a good a n a l y t i c  approximation t o  the  motion, as was done here .  

-2 - 



2. DERIVATION OF THE EQUATIONS OF MOTION 

The fol lowing d e r i v a t i o n  i s  f o r  a 3-body system i n  2 dimensions, desc r ib ing  
I 

a planar  motion. The e f f e c t  of s o l a r  pe r tu rba t ion  w i l l  be added la te r .  

Y a 
I 
A 

P 

E E 

Figure 1. Coordinate Systems 

Let  (XE, Y ) be a se t  of i n e r t i a l  coordinates  re ferenced  a t  the  e a r t h ’ s  

c e n t e r .  I n  terms of the r o t a t i n g  coord ina tes  (X,  Y ) ,  cen tered  a t  the  e a r t h -  

moon barycenter ,  t he  equat ions of motion f o r  a s a t e l l i t e ,  P ,  due t o  the  g r a v i t y  

f i e l d  of t h e  e a r t h  and the  moon a r e :  

E 

Y Y .. 
Y + 2m = w2Y - pE -p - c”M --$ 

where w denotes  the  r a t e  of r o t a t i o n  of  the  earth-moon system, and the  terms 2uX, 

2w+ a r e  t h e  C o r i o l i s  a c c e l e r a t i o n s ,  whereas the  terms w2X, w2Y a r e  the  c e n t r i f u g a l  

a c c e l e r a t i o n s .  

A t  t h e  f i v e  “ l i b r a t i o n  po in t s”  the  r i g h t  hand s i d e  of equat ions ( l a )  and ( l b )  

i s  i d e n t i c a l l y  zero ,  and thus the so lu t ions  a t  these poin ts  are X = cons tan t ,  Y = 

cons tan t .  Let  the coord ina tes  of the & l i b r a t i o n  point  be given by X = X Y = Yc.  

Then i n  o rde r  t o  s tudy the  small  motion near  (Xc, Y,), l e t  X = Xc + x and Y = Yc + y 

i n  ( l a )  and ( l b ) ,  and expand the r . h . s .  about (Xc,  Yc) .  

and i n c l u d i n g  the f i r s t  two terms of the Taylor s e r i e s ,  we w i l l  o b t a i n  the  fol lowing 

s e t  of l i n e a r  d i f f e r e n t i a l  equat ions i n  (x, y ) ,  cen tered  a t  L,. 

C Y  

I f  we expand only up t o  

-3-  



.. x - 2 ~ $  - (1 -L 2A) ~ u 2 X  = O 

j ;  + 2& - (1  - A) cu”y = 0 

1 r ’E + -  ’LM? 
PE + % i- (1 + d3 p3 .i where A = 

i, -- _I_-__-__ 
! r:EM i 

Figure  2 .  Location of L, 

To inc lude  so la r  pe r tu rba t ion  we must develop an express ion  for the  acce le ra -  

t i o n  of t he  s a t e l l i t e  P ,  r e l a t i v e  t o  t he  a c c e l e r a t i o n  of the  l i b r a t i o n  po in t  L,. 

That i s  : 

.. 
-L 

.. 2i A 

r = r  -I: PL, PE LzE 

Then the  equat ions of motion w i l l  r ead :  

.. 
x - 2G - (1 + 2A) w2x = a‘ 

X 

( 4 )  

.. 
where ax, a denote r e s p e c t i v e l y  the  x and y components of F . 

Y PL, 
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.. .. 
So w e  proceed t o  develop expressions f o r  r' and r' i n  terms of known parameters.  

PE L,E 

S 

Figure  3 .  4-Body Configurat ion 

The a c c e l e r a t i o n  wi th  r e spec t  t o  e a r t h ,  of the  moon, M y  due t o  the g r a v i t a -  

t i o n a l  a t t r a c t i o n  of the  e a r t h ,  E ,  and the sun ,  S ,  i s  given by: 

ps - % i ? -  cLE 'M a + -  
.. 

- - 'EM - r~~ rGS 'MS - < 'ES 
EM EM 

The only  vec to r  i n  (6) t h a t  i s  not  known d i r e c t l y  i s  2 
MS 

and r 2  = r 2 - 2rES A . rEM A + r 2  = r "  + -  ';M ] 
r 2  

ES 
MS ES EM ES 

1 

ES 

- Using the  binomial expansion and r e t a i n i n g  only second order  terms i n  - 9 we r 
ob ta in :  

-5- 



S u b s t i t u t i n g  ( 7 )  and (8) i n t o  (6 )  and rear ranging  terms, r e t a i n i n g  only fou r th  

order  terms i n  - : 1 

ES 
r 

Now, F = (1 + 0 )  a s  can be seen from Figure  2 ,  
L,E 

and : 

The acce le ra t ion  of the  s a t e l l i t e ,  P ,  w i th  r e spec t  t o  the  e a r t h ,  due t o  the  

a t t r a c t i o n  of the e a r t h ,  moon, and sun,  is: 

'E A I-1s 2 % A %I, % I A  
1: r - -  r + -  r - -  

PE EM PS 

.. 
r + -  7 = - -  

r3 PE r& M P  r3 EM r 3  PS ris ES PE 

where r' i s  the d i s t ance  vec tor  from the  e a r t h  t o  the  s a t e l l i t e .  To o b t a i n  a 

good approximation f o r  r' 
a d i s t ance  x measured from L,. 

t i o n  s ince  the dominant g r a v i t y  e f f e c t  i s  a long the earth-moon a x i s .  Since the 

motion i s  confined t o  the  neighborhood of L,, due t o  the  l i n e a r i z a t i o n  of the  

equat ions  of motion, x i s  small  compared t o  r - bu t  the  i n c l u s i o n  of x g ives  r i s e  

t o  a few la rge  t e r m s  i n  the equat ion  of motion as w i l l  be seen  now. 

PE 
we pe r tu rb  the  s a t e l l i t e  along the earth-moon a x i s  by 

The motion i s  no t  per turbed  i n  the  normal d i r e c -  
PE 

EM ' 

Thus l e t  r" PE = + r >  'EM + x l  (13) 

where denotes  a u n i t  vec tor  a long the x -ax i s .  

It then follows t h a t :  

2. - a n d f  = r  - r  PS ES PE 

-6- 



From (13) , (14) and (15) w e  now o b t a i n  the corresponding s c a l a r s  : 

c 

.I' ) 2 
2(i?ES PE 7 

J 
PE 

ES 

r r  r "  = r  2 1 1 + 7 -  
ES r 2  PS ES 

Applying the binomial expansion and neglec t ing  second-order and higher  terms i n  

x/rEM, w e  ob ta in :  

l'rES S u b s t i t u t i n g  (18) i n  ( 1 2 )  and neglect ing f i f t h - o r d e r  and higher  terms ir. 

we o b t a i n  f o r  2 - 
PE 

r 4  ES r 2  LPE ' 2 ES 

S u b s t i t u t i n g  (11) and (19) i n  ( 4 )  , w e  g e t  the express ion  f o r  the  n e t  a c c e l e r a t i o n  

of the  s a t e l l i t e  P wi th  r e spec t  t o  L,: 
+ 

Li 'E - 'M A '"M 'E '"M A % r- p 
r~~ + 1 - 3 ~ ~  L PE EM 

r 3  - + ( l + p )  'EM PL, z - 7 r p ~  + 7 r~ - r 
PE MP 

- 7-  



- i 1 L e t  rES = %s i + y j ES 

- i r = r  i EM EM 

. 

A then (FES-rEM) = XESrEM 

Using these  r e l a t i o n s  i n  a d d i t i o n  t o  (13), (14), (16)  and (17) ,  we ob ta in  a 

s i m p l i f i e d  vers ion  of (20 ) :  

A t  x = 0 the con t r ibu t ion  t o  ? of the moon and the  e a r t h  i s  ze ro  s i n c e  a 
PL, 

l i b r a t i o n  poin t  i n  the th ree  body system i s  a po in t  where the  sum of t h e  f o r c e s  i s  

zero.  That i s :  

'E ' '"M 

EM 
r = O  EM + ( l+P)  r 3  

-8- 



i With ( 2 2 )  taken i n t o  account ,  ( 2 1 )  now becomes: 

With x = 0 the above express ion  fo r  

F. T .  Nicholson ( r e f .  4 ) .  However, i n  

.. 
r' reduces t o  t h a t  developed by 

our case  f i r s t  and second order  t e r m s  
PL, 

i n  s o l a r  pe r tu rba t ion  appear i n  the  a c c e l e r a t i o n ,  and the  con t r ibu t ions  of the 

e a r t h  and the moon a r e  a l s o  included.  

I n  accordance wi th  eqs .  (5a) and (5b) we a re  looking f o r  the r ec t angu la r  .. 
components of P . 

PL, 

i - .. 
Let  r' = a i + a j  

PLp x Y 

and break ? i n t o  i t s  components t o  obtain a and a . 
PL, X Y 

Rearranging and neg lec t ing  terms i n  x of order  - X and h i g h e r ,  we ob ta in  the  
ES r 

f i n a l  express ion  f o r  a . 
X 

( 2 1 )  

ES ES 

-9 -  



Simi la r ly :  

L 

Rearranging as prev ious ly :  

. 

A s  can be seen ,  a con ta ins  only s o l a r  terms. This  i s  an expected r e s u l t  
Y 

s i n c e  we assumed pe r tu rba t ions  only along the  x-axis .  

e a r t h  and the  moon do not  e x e r t  l a rge  fo rces  on the  s a t e l l i t e  normal t o  t h e i r  

a x i s  as long as the s a t e l l i t e  i s  i n  the neighborhood of &. 
equat ions  by in t roducing  the  fol lowing cons t an t s .  

As s t a t e d  be fo re ,  t h e  

We s impl i fy  the  

where 

ME 

% EM ME + 

M- M" 

r 
and 7 - - 388.9237 

-10- 



+ q 
(388.9237)3 K, = 

We adopt the  u n i t s  of k i lometers  and days so t h a t  most of our computations w i l l  

be of t he  order  of one. 

the  u n i t s  of days are q u i t e  appropr ia te .  

Furthermore,  s i n c e  w e  a r e  dea l ing  wi th  long miss ions ,  

The cons t an t s  used a r e  def ined  below: 

%/(ME + %) = 0.0121 

%/(ME + %) = 0.9879 

o = 0.167832 

w = 0.22997 rad ians lday  

$ = -0,2128 radians/day 

r = 384,752.7 k i lome te r s  

A = 3.17979 

K, = -0.20512 radians"  /day" 

K, = 0.8587319 x 10-1 (ki lometers) /day" 

& = 0.29525 x radians2/day2 

EM 

Now,  suppose t h a t  the sun moves i n  a c i r c u l a r  o r b i t ,  coplanar  w i th  the 

moon's o r b i t  i n  the (x, y) plane,  with an angular  v e l o c i t y  @. Then: 

cosd t  %S = rES 

sinpjt 'ES = 'ES 

S u b s t i t u t i n g  (31) i n t o  (28) and (29) we ob ta in  express ions  f o r  the 

a c c e l e r a t i o n  ir! terms of x and t. 

a K,X + K, [5 cos3$t - 3 c o s a t j  + K, [3 c o s 2 a t - i ]  x X 

-11- 



7 

J 

r 7 

a e K, L 5  cos"6t s i n h t  + s i n d t  i + 3 K~ cosmt sinmt x 
Y J 

A f u r t h e r  rearrangement leads  t o  a simpler mathematical  form wi th  double 

and t r i p l e  angles .  

a =;: 1 K? [ s i n h t  + 5 s in3d t  7 3  1 + - K~ ~ s i n 2 d t l  x 
Y 2 

The r e s u l t a n t  acce le ra t ion  i s  : 

a = a ( x , t )  = L-z-7- 
X Y 

a t  x=O, which coincides  wi th  the loca t ion  of L, : 

I- 

a = % 1 2 6  + 8  cos2@t  + 3Ocos3at cosdt  + 10 s in3d t  sindtl'/" 
4 J 

(33) 

(34) 

and the maximum a c c e l e r a t i o n  a t  x=O i s :  

a = 2 K, = 0.171746 ki lometers /dsy2  max 

I n  F igures  4 and 5 (pages 20 and21) a (x,  t )  i s  p l o t t e d  as a func t ion  of t 

f o r  f i x e d  values  of x.  

Subs t i t u t ing  (32a) and (32b) i n  t h e  equat ions  of motion f o r  the  s a t e l l i t e  

(5a)  and (5b) , we ob ta in :  

(35b) 2 1 3 
4 2  2 

.. 
y + 2 G  - ( I -A)  w y = - K 

These are the l i n e a r i z e d  equat ions  of motion f o r  a s a t e l l i t e  i n  the  v i c i n i t y  

[ s in$ t  + 5 s i n 3 ~ t l  + - K, [sin2fit]x 

, of h, inc luding  both f i r s t  and second order  e f f e c t s  of s o l a r  pe r tu rba t ion .  

-12 -  



L 

ax (kilome- 
ters /day")  t (days) 

. 00 

1,oo 
2 .oo 
3.00 

4.00 

5.00 

6.00 

7.00 

8.00 

9.00 

10.00 

11.00 

12.00 

13.00 

14.00 

15.00 

16.00 

17.00 

18 .OO 

19.00 

20.00 

a (kilome- 
te rs lday")  Y 

Table 1 

P e r t u r b a t i v e  Accelerat ion of S a t e l l i t e  a t  L, 

.17175 

14915 

.89765 x 10-1 

.15478 x 10" 
-.46866 x 10-1 

-.75944 x 10-1 

-.64205 x LO-' 

-.20666 x 1 O - I  

.32836 x 10-1 

.70455 x 10-1 

.72738 x 10" 

.34490 x 10-1 

-.32981 x lo-' 
-. 10615 

-. 15841 

- .17044 

-. 13777 

-.72519 x 10-1 

.13288 x lo-" 

.57311 x 10-l 

.76783 x 10-1 

- .ooooo 
-.68500 x 10-1 

-. 11160 

-. 11383 

-.75687 x 10-1 

-.13361 x 10-1 

,47681 x 10-1 

.82775 x 10-1 
"77801 x 10-1 

.34758 x lo-' 
-.29024 x 10-1 

- .87729 x 10-1 

-. 11725 

- .lo474 

-.53721 x 10-1 

.17252 x lo-' 

.81807 x 10-1 

.11609 

.lo807 

.62245 x 10-1 

-.22258 x 10'" 

~ ~ ~~~ 

a (kilome- 
ter  s /day") 

.17175 

.16413 

.14322 

.11488 

.I39022 x 10-1 

.77111 x 10-1 

.79973 x 10-1 

.85316 x 10-1 

.84446 x 10" 
1 .78563 x 10- 

.78315 x 10-1 

.94265 x 10-1 

.12180 

.14913 

.16727 

.17131 

.16023 

.13688 

.lo808 

.84611 x 10- 

.76815 x 10-l 

1 
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t (days) 

.oo 
1.00 

2 .oo 
3.00 

4.00 

5.00 

6.00 

7.00 

8.00 

9.00 

10.00 

11.00 

12.00 

13.00 

14.00 

15.00 

16.00 

17.00 

18.00 

19.00 

20.00 

Table 2 

P e r t u r b a t i v e  Acce lera t ion  of S a t e l l i t e  Near L, 
(x = 1 ki lometer )  

a, (kilome- 
ter s /day2 ) 

-.33082 x 10-1 

-.55689 x 10-1 

-.11511 

-. 18946 

- .25186 

-. 28100 

- .26930 

-. 22579 

-. 17228 

-. 13463 

-. 13230 

- .17049 

- .23790 

-. 31102 

-.36325 

-.37527 

-. 34262 

-.27741 

-. 20362 

-. 14770 

-. 12828 

ay (kilome- 
t e r  s /day2) 

- .ooooo 
-.68683 x 10-1 

-. 11193 

-. 11426 

-.76126 x 10-1 

-.13737 x 10" 

.47435 x 10-1 

.82703 x 10-1 

.77916 x 10-1 

.35040 x 10-1 
-.28627 x 10-1 

-.87286 x 10-1 

-. 11684 

-. 10444 

-.53580 x 10-1 

.17208 x 10-1 

.81585 x 10-1 

,11573 

.lo764 

.61814 x 10-1 

-.25762 x lo-" 

~~ ~ 

a (kilome- 
t e r  s /day2 ) 

.33082 x 10-1 

.88423 x 10-1 

.16056 

. 2 2  124 

.26311 

.28133 

. 2  7345 

.24046 

.18908 

.13912 

.13536 

.19154 

.26505 

.32809 

.36718 

.37566 

.35220 

.30058 

.2  3032 

.16011 

.12831 
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Table 3 

P e r t u r b a t i v e  Accelerat ion of a S a t e l l i t e  Near L, 
(x = -1 ki lometer)  

t (days) 

. 00 

1.00 

2.00 

3.00 

4.00 

5.00 

6.00 

7.00 

8.00 

9.00 

10.00 

11 .oo 
1 2  .oo 
13.00 

14.00 

15 .OO 

16.00 

1 7  .OO 

18.00 

19.00 

20.00 

ax (kilome- 
te rs /day”)  

,37657 

.35399 

. 2  9464 

.22041 

.15813 

.12911 

.14089 

.18446 

.23795 

.2 7555 

.27778 

. 2  3947 

.17194 

.98716 x 10-1 

.46425 x 10-1 

.34389 x 10-1 

.67081 x 10-l 

.13237 

.20628 

-26232 

.28185 

ay (kilome- 
te rs /day?)  

.ooooo 
-.68317 x 10” 

- . 1 1 1 2 7  

-. 11341 

-.75248 x 10-1 

-.12985 x 10-1 

.47927 x 10-1 

.82847 x 10-1 

.77686 x 10-1 

.34477 x 10-1 

-.29422 x 10-1 

- .88172 x 10-1 

-.11766 

-. 10505 

-.53863 x 10-1 

.17297 x 10-1 

.82030 x 10-1 

.11645 

. lo851 

.62676 x 10-1 

-.18754 x lo-’ 

a (kilome- 
t e r  s /day2) 

.37657 

-36053 

.31495 

.24788 

.17512 

.12976 

.14882 

.2022 1 

.25031 

.27769 

.27933 

.25519 

.20834 

.14415 

.71109 x 10-1 

.38494 x 10-1 

,10597 

.17630 

.23307 

.26970 

.28186 
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t (days) 

.oo 
1.00 

2 -00 

3.00 

4.00 

5.00 

6.00 

7.00 

8.00 

9.00 

10.00 

11.00 

1 2  .oo 
13.00 

14.00 

15.00 

16.00 

17.00 

18.00 

19.00 

20.00 

Table 4 

P e r t u r b a t i v e  Accelerat ion of a S a t e l l i t e  Near L, 
(x  = 0.5 k i lometers )  

a (kilome- 
tgrs /day2)  

.69322 x I O - '  

.46732 x 10-1 

-.12675 x 10-1 

-.86988 x 10-1 

-. 14936 

-. 17847 

-. 16675 

-. 12323 

-.69724 x 10-1 

-.32090 x 10-1 

-.29782 x 10-1 

-.68000 x 10-1 

-. 13544 

-. 20859 

-.26083 

-.27285 

- .24019 

- ,  17496 

-. 10114 

-.45194 x lo-' 
-.25750 x 10-1 

a (kilome- 
txrs /day") 

- .ooooo 
-.68591 x I O - '  

-. 1 1 1 7 7  

-. 11404 

-.75907 x 10-1 

-.13549 x 10-1 

.47558 x 10-1 

.82739 x 10-1 

.77859 x 10-1 

.34899 x 10-1 

-.28825 x 10-1 

-.87508 x 10-1 

-. 11705 

-. 10459 

-.53651 x 10-1 

.17230 x 10-1 

.81696 x lo-'' 

.11591 

. lo785 

.62030 x 10-1 

-.24010 x lo-" 

a (kilome- 
te rs lday")  

.69332 x 10-1 

.82998 x 10-1 

.11248 

.14343 

.16755 

.17898 

.17340 

.14843 

. lo451 

.47410 x 10" 

.41447 x lo-' 

.11082 

.17901 

.23334 

.26629 

.2 7 340 

.25371 

.20987 

.14786 

.76748 x 10" 

.25862 x 10-1 
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Table 5 

Perturbative Acceleration of  a Satellite Near L, 
( X  = -0.5 kilometers) 

t (days) 

. 00 
1.00 

2.00 

3.00 

4.00 

5.00 
6.00 

7.00 

8 .OO 
9.00 

10.00 

11.00 

12 .oo 
13.00 

14.00 

i 5 .  GO 

16.00 

17.00 

18.00 

19 .OO 
20.00 

a (kilome- 
tzrslday") 

.27416 

.25157 

.19220 

.11794 

.55632 x 10-1 

.26583 x 10-1 

.38344 x 10-1 

.81895 x 10-1 

.13539 

.17 300 

.17526 

.13698 

-69479 x 10-1 

-.37179 x 10'" 
-.55993 x 10-1 

-.35343 x 10-1 
-.68025 x 10" 

.29926 x 10-1 

.lo380 

.15982 

.17932 

a (kilome- 
txr s /day2 ) 

.ooooo 
-.68409 x 10-1 

-. 11143 
-. i i 3 6 2  

-.75468 x 10" 

-.13173 x 10" 
.47804 x 10-1 

.82811 x 10- 
1 

.77743 x 10-1 
,34617 x 10-1 

-.29223 x 10-1 

-.87950 x 10" 

-. 11746 
-. 10490 
-.53792 x 10-1 

.17275 x 10-1 

.81919 x iPi 

.11627 

.lo829 

-62461 x 10-1 

-.20506 x lo-" 

a (kilome- 
ters /day") 

.2 7416 

.26071 

.22217 

-16377 
.93756 x 10-1 

.29668 x 10-1 

.61282 x 10-1 

.11647 

.I5613 

.17643 

.17768 

.16279 

.13647 

.lo496 

.77645 x lo-' 

.70184 x lo-' 
-89218 x 1 G - l  

.12006 

,15000 

.17159 

.17933 
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Table 6 

Pe r tu rba t ive  Acce lera t ion  of a S a t e l l i t e  Near L, 
(x = 50 k i lometers )  

t (days) 

. 00 

1 .oo 
2 .oo 
3.00 

4.00 

5 .OO 

6.00 

7.00 

8.00 

9.00 

10.00 

11.00 

1 2  .oo 
13.00 

14.00 

15.00 

16.00 

17.00 

18.00 

19.00 

20.00 

~ ~ 

ax (kilome- 
t e r s l d a y  ) 

- . lo070 x 10” 

- . lo093 x 10” 
- . lo154 x 10” 

2 

- . lo231 x 10” 

- . lo297 x 10” 

- . lo329 x 10’ 

- . lo319 x 10“ 

- . l o 2 7 7  x 10“ 

- . lo223 x 10“ 
- . lo184 x 10“ 

- . lo179 x 10“ 

- . lo215 x 10“ 

- . lo279 x 10“ 

-.lo350 x 10” 

-.lo400 x 10” 

-.lo412 x 10“ 

-.lo380 x 10” 

-.lo317 x lo2 
- . lo246 x 10“ 

-. 10193 x 10“ 

- . l o 1 7 7  x 10” 

ay (kilome- 
t e r s l d a y  2 ) 

- .ooooo 
-.77643 x 10-1 

-. 12825 

-. 13503 

-.97640 x 10-1 

-.32156 x 10-1 

.35398 x 10-1 

.79195 x 10-1 

.83562 x 10-1 

.48833 x lo-’ 
-.91466 x lo-” 
-.65596 x lo-’ 
-.96813 x lo-’ 
-.89644 x 10” 

-.46655 x 10-1 

.15024 x lo-’ 

.70681 x 10-1 

.98049 x 10-1 

.86339 x 10-1 

.40697 x 10-1 

-.19746 x 10-1 

-18- 

a (kilome- 
t e r s l d a y  1 

. lo070 x I O 2  

. lo093 x 10” 

.lo155 x 10” 

.lo232 x 10’ 

. lo297 x lo2 

.lo329 x 10“ 

.lo319 x 10“ 

. l o 2 7 7  x 10” 

. lo223 x 10” 

. lo184 x 10” 

. lo179 x 10” 

. lo215 x 10’ 

. lo279 x 10“ 

. lo350 x 10” 

. lo400 x 10” 

. lo412 x 10” 

.lo380 x 10” 

.lo317 x 10“ 

.lo246 x 10“ 

-10193 x 10” 

.lo177 x 10“ 

2 



I .  t (days) 

. 00 

1.00 

2 -00 

3.00 

4.00 

5.00 

6.00 

7.00 

8.00 

9.00 

10.00 

11 .oo 
1 2  .oo 
13.00 

14.00 

15 .OO 

16.00 

17.00 

18.00 

19.00 

20.00 

Table 7 

P e r t u r b a t i v e  Accelerat ion of a S a t e l l i t e  Near L, 
(x = -50 ki lometers)  

- 

ax (kilome- 
te rs lday")  

.lo413 x 10" 

,10391 x 10" 

.lo334 x 10" 

.lo262 x 10" 

. lo203 x 10" 

,10177 x 10" 

. lo191 x 10" 

.lo235 x 10" 

.lo289 x 10" 

.lo325 x 10" 

-10325 x 10" 

. lo284 x 10" 

. lo213 x 10" 

.lo137 x 10" 

,10083 x 10" 

. lo071 x 10" 

. lo105 x 10" 

. l o172  x 10" 

.lo249 x 10" 

.lo308 x lo2 

-10330 x 10" 

ay (kilome- 
ters /day2) 

.ooooo 
1 -.59358 x 10- 

-.94946 x 10-1 

-.92637 x 10-1 

-.53735 x 10-1 

.54331 x lo-" 

.59964 x 10-1 

.86355 x 10" 

-72040 x 10" 

.20683 x 10-l 

-.48902 x 10-1 

-. 10986 

-. 13769 

-. 11985 

-.60787 x 10-1 

.19481 x 10-1 

. > L *  07033 x I0-l 

.13412 

.12980 

.83794 x 10-1 

.15295 x lo-' 

a (kilome- 
ter s f day" ) 

. lo413 x 10" 

. lo391 x 10" 

.lo334 x 10" 

.lo263 x 10" 

.lo203 x 10" 

. l o 1 7 7  x 10" 

-10191 x 10" 

.lo236 x 10" 

.lo289 x 10" 

.lo325 x 10" 

.lo325 x 10" 

.lo284 x 10" 

.lo214 x 10" 

.lo138 x 10" 

.lo084 x 10" 

,10071 x 10" 

-10105 x 10" 

.lo173 x 10" 

.lo250 x 10" 

.lo308 x 10" 

.lo330 x 10" 

-19- 



0 
VI 

X 

a, c .- - - 
a, 
0 
v, 

0 

c 

v 

C 
0 .- 
.I- 

E 
U 0 

a, h 

K x  
2 -0 

v 

c 
a, > 
0 

3 

a, a 

.- 
c 

-0, 
c L 

v) 

0 
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‘9 
0 

rr) 

0 
. 
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3. ANALYTICAL SOLUTION OF THE: EQUATIONS OF MOTION 

Since no c losed  form s o l u t i o n  i s  known t o  e x i s t  f o r  equat ions (35a) and 

(35b),  w e  w i l l  develop approximate a n a l y t i c  so lu t ions  of f i r s t  and second 

order .  The cons tan t  K,, which appears on the  r i g h t  hand s i d e  of eqa t ions  

(35a) and (35b), i s  f a r  smal le r  than K, and 

va lues  of these cons tan ts  given i n  t h i s  r e p o r t .  

express  both x and y i n  powers of K3 and then so lve  the  equat ions of motion by 

the  method of r e g u l a r  pe r tu rba t ions .  

a s  can be seen from the  numerical  

Therefore ,  i t  i s  l o g i c a l  t o  

For conformity, l e t  E: = K,. Then: 

x = x1 + €5 + E2X3 + ... 

y = y1 + EY2 + E2y3 + ... 

where the  subsc r ip t s  denote the  order  of so lu t ion .  

The i n i t i a l  condi t ions  w i l l  be taken a s  

x1(0) = x(0) 

;r1(0) = G ( 0 )  

iJ0) = ;(o) 

Yl(0) = Y(0) 

X J O )  = X3(O) = 

%(O) = x3(0) = ... = 0 

y,(O) = ya(0) = ... = 0 

y,(o) = $,(o) = ... = o 

... = 0 (37) 

I n  t h i s  s e c t i o n  we w i l l  de r ive  the  s o l u t i o n s  corresponding t o  EO and E'. 

i s  l i t t l e  po in t  i n  going t o  higher  order  terms s i n c e  t h e  equa t ions  of motion a r e  

l i n e a r l i z e d ,  and a r e  v a l i d  only i n  the  v i c i n i t y  of L,. 

There 
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S u b s t i t u t i n g  the expansions (36a, b )  i n  (35a, b)  w e  o b t a i n  two s e t s  of d i f f e r e n -  

t i a l  equa t ions  corresponding r e s p e c t i v e l y  t o  E' and 

For EO: 

where cy = ( 1 + 2 A ) ~ ~  + K, = 0.184100 

and a = ( 1-A)r:P =-0.115282 

S i m i l a r l y ,  f o r  c1 : 

The complete second-order s o l u t i o n  w i l l  then be given by 

3.1 F I R S T  ORDER SOLUTION (E') 

This s e c t i o n  w i l l  dea l  s t r i c t l y  with the  system (38a, b ) .  We f i r s t  solve 

the  set of homogeneous equat ions ,  which g ives  r i s e  t o  a four th-order  c h a r a c t e r i s -  

t i c  equat ion:  

D4 + P ( 4 , ~ * ~  - cv - 8 )  + c ~ B  = 0 (41) 

which has  two equal  and opposi te  r e a l  roo ts  denoted by 2 p , and two equal  and 

oppos i t e  imaginary r o o t s  denoted by 2 in. 

= 0.301427 
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The homogeneous s o l u t i o n  i s ,  t h e r e f o r e :  

x ( t )  = A, s i n o t  + 4 cosQt + A3 s inh  p t  + A, cosh p t  

y ( t )  = B, s i n n t  + B, cosOt + B, s inh  p t  + B, cosh p t  

1 H  

1 H  

The B ' s  a r e  r e l a t e d  t o  the A ' s  as  fo l lows:  

B, = -y A, 

B, = Y A, 

B, = 6 A, 

B, = 8 A,? 

where : 

rp2 + (1+2A)ib12 + K, 1 = 1.878986 y=2LLyz 
and : 

rp" - ( 1 + 2 A ) 0 2  + K, 7 = -3.631650 F j = -  1 
2 3J:p 

The p a r t i c u l a r  s o l u t i o n  i s  found t o  be:  

x1 ( t )  = A, c0srt.t + A, cos3dt  

y1 ( t )  = B, s i n d t  + B, s in36 t  

P 

P 
where : 

(45) 

(47) 

B , = - -  ri K, + (cu+9p2)A,] (49d) 6w8 

The remaining four  cons t an t s  can be determined i n  t e r m s  of t he  f o u r  given 

i n i t i a l  condi t ions .  Namely: 

0) - & ( O )  A, =u(  
py - 



1 
P 

A3 = - [ x ( O )  - m,’ 

ALL = ~ ( 0 )  - 4 - A, - A, 

The genera l  f i r s t  o rder  s o l u t i o n  i s  given by: 

x1 ( t )  = A, s i n o t  + 4 cos0t  + A3 sinh p t  + 4 cosh p t  + A, cos(r,t 

+ cos3f$t (51a) 

y, ( t )  = B, s inQt  + B, cosnt  + B, sinh p t  + Bc cosh p t  + B, s i n d t  

+ B, s in30 t  (51b j  

where a l l  the  cons t an t s  have been defined e i t h e r  e x p l i c i t l y  o r  i n  terms of the 

i n i t i a l  cond i t ions .  It i s  ev ident  t h a t  t h i s  s o l u t i o n  i s  unbounded due t o  the  

presence of the  hyperbol ic  func t ions .  Even f o r  small  va lues  of t the  exponent ia l  

terms a r e  l a r g e r  than the  s inuosoida l  terms. Consequently, t h i s  s o l u t i o n  

demonstrates l i t t l e ,  i f  any, per iodic  behavior even i n  the i n i t i a l  phase of the 

I t r a j e c t o r y .  The source of t he  i n s t a b i l i t y  can be e l imina ted ,  however, by a proper 

choice of i n i t i a l  cond i t ions .  

terms A , ,  A 4 ,  B,, B4 ,  t o  vanish.  A s  a matter of f a c t ,  we must only r e q u i r e  t h a t  

A, = A, = 0 s ince  B3 and B4 a r e  mul t ip les  of &- and A3 r e s p e c t i v e l y  ( see  (45 ) ) .  

By l e t t i n g  A, = 0 and 4 = 0 ( i n  (50c) and (50d)) w e  determine new expressions 

f o r  A, and 4 , namely: 

That i s ,  w e  want the c o e f f i c i e n t s  of the  hyperbol ic  

S u b s t i t u t i n g  the above i n  (50a) and (50b) w e  come up wi th  the  necessary r e l a t i o n -  

s h i p  among the i n i t i a l  condi t ions :  

G(0)  = - o y(0)  
Y 

These two r e l a t i o n s  can be implemented i n  p r a c t i c e  during the  i n j e c t i o n  i n t o  an 

o r b i t  around &.  Thus w e  have a per iodic  f i r s t  o rder  s o l u t i o n ,  namely: 

XI ( t )  = A, s i n n t  + Is, coset + A, cose t  + A, cos3qjt (54a) 
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y l ( t )  = B, s i n n t  + B, cosnt  -t B, sinrfjt + B, sin3Gt 

.. 1 5 - 2 ~ 1 9 ~  - % = 7 [1+3 cos2@tl[Al s i n n t  + 4 c o s n t  + A, cos@t 

~ + A, cos3@t]  (60a) 

= - .09389 

= - .72532 

= 0.43798 

= -1.09595 

= y(O)/y = 0.53220 y(0)  

= x(O)-AS-A, 

= -yA, -C -1.53930 - 1.87896 ~ ( 0 )  

= 0.81922 + ~ ( 0 )  

= Y ( 0 )  

Using the  f i r s t  o rder  s o l u t i o n  we can then compute,in a d d i t i o n  t o  the  t ra jec-  

t o r y ,  t he  v e l o c i t y ,  a c c e l e r a t i o n ,  range t o  L,, range ra te ,  and f l i g h t  pa th  angle. 

Name l y  : 

X l ( t )  G, ( t )  + y1( t) 9, ( t l  
R ( t )  

R ( t )  = 

3.2 SECOND ORDER SOLUTION (E1) 

Having found the f i r s t - o r d e r  s o l u t i o n ,  w e  can  proceed t o  determine the  

second-order so lu t ion  us ing  equat ions  (39a, b ) .  S u b s t i t u t i n g  x1 (t)  from equa- 

t i o n  (54a) i n t o  equat ions  (39a, b ) ,  we o b t a i n  t h e  fo l lowing  system: 
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3 y2 + 2& - By2 = 2 [sin2@t][A, s i n a t  + 4 cosRt + A, cosa t  

Expanding the  r i g h t  hand s i d e s  of the above equat ions and sepa ra t ing  a l l  

c ros s  products  of t r igonometr ic  func t ions ,  w e  ob ta in  a s i m p l i f i e d  v e r s i o n  which 

i s  e a s i l y  solved.  

1 3 
4 4 

3 3 
4 1  4 

+ - [2 A, + 3 A,] c 0 ~ 3 $ t  + - A, c 0 ~ 5 @ t  

+ - A s i n  (2qj+Q)t - - A,sin (2@-n)t  

(61a) 
3 3 + 4 cos  (2I#J+Q)t + %cos (2qJ-n)t 

.. 3 3 3 
4 4 4 y2 + 2wk - BY, = - [A,-A,] s i n o t  + - A, sin3lnt + - A, s i n s o t  

3 3 
4 1  4 + - A COS (2d-Q)t .. - A, COS (2@+hl)t 

(61b) 
3 3 + 4 s i n  (2qj+Q)t + z A2 s i n  ( 2 @ - R ) t  

The homogeneous s o l u t i o n  i s  unchanged from the  f i r s t - o r d e r  s o l u t i o n  except  f o r  

t h e  c o e f f i c i e n t s .  That is: 

s,(t) = A{ s i d t  + A i  cosRt + A i  cosh p t  + 4' s i n h  p t  (62a) 

yTR( t )  = &' s i d t  + Bz/ cosQt + B3/ cosh p t  + B4/ s i n h  p t  (62b) 
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The p a r t i c u l a r  s o l u t i o n  i s  found t o  be: 

+,(t) = C, cos@ + C, cos3r$t + C, cos5e.t + C4 s i n  ( 2 ~ + R ) t  

+ C 5  s i n  (2@-n)t + C, cos (2@+R) t  + C7 cos (2~i-n)t  

-k C, s inRt  + C, cosRt 

y,,(t) = I$ s i n @ t  + D2 s in3d t  + D3 s i n 5 @ t  + D, s i n  (26+n)t  

+ D, s i n  ( 2 @ - R ) t  + De cos (2@+R)t  + D7 COS ( 2 6 - R ) t  

f D, s inRt  + D, cosRt (64b) 

It should be noted t h a t  the  s inuoso ida l  p a r t  of the  homogeneous s o l u t i o n  

appears  i n  the  p a r t i c u l a r  s o l u t i o n  wi thout  caus ing  resonance. This  i s  due t o  

the  p a r t i c u l a r  way i n  which the  d i f f e r e n t i a l  equat ions  are  coupled. The con- 

s t a n t s  a r e  def ined below. 

9/2 W@ A5 1/4  (9p2+8)(3A5 + 2&)  
(942+~~)(9@"+f!) - 36w2 0' c, = 

3/4  & (10!~@ -2502-@ 
c, = (25h2+cu) (25@+P) - l k u 2 d 2  

3 /4  A-r(2@-0)" - 2cu (2P-0 )  + BI 
=4w 2( 2@ -") 2 - [ ( 2 f A  -n) 2 +CY 1 [ ( 2 3  -R) 2 + p 3 
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A i  = - [C, + C, + C3 + C, + C7 + C,] - A; 

rD6 + D7 + Ds] - A,’ 
A : = - -  1 

6 -  

The second order  s o l u t i o n  i s  thus given by: 

x,(t)  = (A; + C,) s i n n t  + ( k j  + C,) cosn t  + A; cosh p t  + A; s inh  p t  

+ C, cosGt + C, cos3Gt + C3 cos5dt  + C, s i n  ( 2 ~ + n ) t  

+ C, s i n  ( 2 d - Q ) t  + C, cos  (26+0)t: + C, cos (2@-n)t 
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+ D, s i n n t  + D2 s in3” t  + D, s i n 5 0 t  + D4 s i n  (2qWR)t 

+ D, s i n  (2@-n)t  + D6 cos (2@+!2)t + D7 cos (2g)-h2)t (68b) 

I n  the  case of t h i s  s o l u t i o n  the hyperbol ic  terms are l e f t  i n t a c t  t o  

demonstrate the inc reas ing  i n s t a b i l i t y  of the s o l u t i o n .  

3.3 COMPLETE SECOND ORDER SOLUTION 

The complete second order  s o l u t i o n  i s  given by: 

x ( t >  = x , W  + K3X&) 

Y( t>  = Y, ( t >  + K,Y,(t) 

(69a) 

(69b) 

where x, ( t )  x7 ( t )  , y, ( t )  and y p  ( t )  a r e  given by (54a) (54b) (b8a) and (68b),  

r e spec t ive  l y  . 
Thus the complete s o l u t i o n  becomes : 

x ( t )  = [A, + K, (A,/+C,)] s i n q t  + [A, + K3 (h’+C9)] cosRt 

+ K3A3/ cosh p t  + K3A,’ s i n h  p t  + [&+K3C1] cos@ + [A,+K3C21 cos3@t 

+ K3C3cos5($t + K,?Cc sPn (2@+Q)t + K3Cs s i n  (26-Q) t  

+ KSC, COS (2d+R)t + K3C7 COS (2g-R)t 

+ K3BL cosh p t  + K3B4/ s i n h  p t  + [ B B + K 3 4 ]  sinqjt + [B,+K3D,] s i n 3 d t  

+ K,D,? s in5dt  + K3D4 s i n  (26+R)t + K,D, s i n  (2d-R)t 

+ K3DR COS (2@+n)t  + K 3 4  COS (2@-Q)t (70b) 

The numerical va lues  of the c o e f f i c i e n t s  w i l l  be given  h e r e  f o r  a t y p i c a l  

t r a j e c t o r y  o r i g i n a t i n g  a t  L2.  



Since the  i n i t i a l  condi t ions  chosen a r e  pe r iod ic  only as f a r  a s  t he  f i r s t  o rder  

s o l u t i o n  i s  concerned, w e  w i l l  rename them quas i -per iodic  f o r  t h e  complete 

so lu t ion .  Thus, the  quas i -per iodic  i n i t i a l  cond i t ions  f o r  a s t a r t  a t  L, a r e :  

x(0) = 0 

Y(0) = 0 

X(0) = 0 

i ( 0 )  = -.13750 

Then : 

= o  
= 0.81922 

= -0.09389 

= -0.72532 

= -1.53929 

= o  
= 0.43798 

= -1.09595 

= o  
= 4.6669 

= -5.0343 

= o  
= -8.7691 

B; = 0 

B3/ = 0 

B; = 18.2830 

C1 = 3.6139 

C, = 1.6983 

C3 = 0.74566 

c4 = 0 

c s  = 0 

C6 = -3.9235 

C y  = -1.2766 

Ce = 0 

Cg = -0.49033 

D, = 1.7124 

3.4 TABULATIONS AND GRAPHS OF SAMPLE TRAJECTORIES 

= 1.9471 

= 0.89387 

= 4.5579 

= -1.6151 

= o  
= o  
= -0.92132 

= o  
= 0.29525 

= 0.4833081 

= -0.2128 

The r e s u l t s  of our  computations w i l l  be t abu la t ed  and p l o t t e d  i n  the  follow- 

i n g  pages. F i r s t ,  t h e  f i r s t  order  so lu t ion  w i l l  be presented  wi th  pe r iod ic  i n i -  

t i a l  cond i t ions  f o r  a few d i f f e r e n t  cases.  Then the complete second order  solu-  

t i o n ,  w i t h  quas i -per iodic  i n i t i a l  cond i t ions ,  w i l l  be given. The i n s t a b i l i t y  of 

the  mqtion w i l l  be demonstrated i n  t h i s  so lu t ion .  However, i t  may be noted,  the  

divergence of the  motion commences only a f t e r  23 days f o r  a motion i n i t i a t i n g  

a t  b y  w i t h  quas i -per iodic  i n i t i a l  condi t ions .  

divergence from the  pe r iod ic  motion i s  r a t h e r  slow and probably could be 

c o r r e c t e d  wi th  t h e  a i d  of an onboard engine.  

Thus the  r a t e  of growth of the 
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Figure 6. Trajectory of Satellite Around L 
First Order Solution 

Periodic 
lnitia I Conditions 
x=1.61 km 
y=1.61 k m  
x=0.414 km/day 
;=-1.60 km/day 
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/ / 10 DAYS 

x (km)  -2.0 

20 DAYS 

1 .o 

n \  -1.0 

Init ial  Conditions 
x=0.805 km 
y=0.805 krn 
A = 0.207 km / day 
;= - 0.868 km/day 

Figure 10. Trajectory of Satell i te Around L, 
First Order So I ution 
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Initial Conditions 
x=G km 
y = O  km 
2 = 0 km/ day 
;,= -0.1375 km/day 

Figure 15. Trajectory of Satellite Around L 2  
First Order Solution 
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Figure 21. Trajectory of Satellite Around L 2  
Complete Second Order Solution 
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